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Abstract
To combat the many challenges to sustainability posed by a ‘take-make-waste’ society, the European
Union wants to transition to a ‘circular economy’, in which products are re-used as much as possible.
The usable lifetimes of the materials these products are made of must therefore be extended. Due to
their omnipresence, improving the lifespan of polymers is of particular importance; we can achieve this
by making the polymers capable of autonomous self-healing, so that they can heal damage incurred
during operation without any external interference. This promising idea has been held back by the poor
mechanical properties of typical self-healing polymers. Fortunately, in 2019, Ciarella and Ellenbroek
developed a vitrimer network based on star polymer that was capable of self-healing, while remaining
rigid on timescales around three orders of magnitude greater than the healing time [1]. In this work,
we seek to improve upon this result by using comb instead of star polymers, hypothesising that the
networks will heal on similar timescales, which being stable for much longer due to the entanglement of
the backbones.

We first develop a simple theoretical model to predict the typical bond swap times in the network, and
test this using Molecular Dynamics simulations; our model appears to extrapolate well outside of the
data it was fitted on. The simulations additionally show that the swap times cannot be described by an
exponential or Weibull distribution.

Using these typical swap times, we derive an expression for the evolution of the number of bonds around
damage and the equilibrium shear modulus. These models are again tested using Molecular Dynamics
simulations. We see that the vitrimer networks based on combs indeed heal at similar speeds to the one
based on stars, confirming the first part of our hypothesis.

Finally, we measure the stress relaxation of a comb vitrimer network using Molecular Dynamics
simulations to find the timescale on which the network is rigid. Unfortunately, we believe we have
encountered an issue in the implementation of the dynamic bonds in simulations, causing us to observe
a nonphysical stress relaxation; we therefore have been unable to test the second part of our
hypothesis.

In short, vitrimers made of combs are promising candidates for a self-healing polymer; their long-term
stability remains to be investigated in future research.
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Chapter 1

Introduction

The current `take-make-waste' society poses myriad challenges, such as the loss of biodiversity and vast
greenhouse gas emissions [2]. To combat these issues, the European Union (EU) has proposed a transition
to a `circular economy'. A central aspect of a circular economy is the waste hierarchy, shown in Figure 1.1,
which de�nes how we should preferably deal with the2:2 billion tones of wastes we generated each year
[3]. At the top of the hierarchy is prevention, which means that we should re-use products as much
as possible [4]. It is therefore clear that the success of the circular economy rests on the existence of
materials that allow for re-use.

Figure 1.1: The European waste hierarchy, showing
waste management strategies sorted by preference
from top to bottom. Taken from the EU Waste
Framework Directive.

In this context, polymers deserve particular
attention due to their ubiquity and the
environmental impact of the techniques
commonly employed to deal with them at their
end-of-life, such as land�lling and incineration
[5, 6]; there is consequently a lot to be
gained by extending the lifetime of polymer
materials. There are numerous ways in which
the longevity of polymer could be increased.
One approach, which has been frequently
studied in the last decade (e.g. [7, 8, 9, 10, 11]),
is to improve the reprocessibility of polymers,
so that they can be made into new products
more easily. However, we can do even better by
preventing the need for reprocessing in the �rst
place, for instance by making the polymers
capable of healing damage they incur during their life. Ideally, this healing happens autonomously,
with as little outside intervention as possible [9]. Self-healing polymers are already in use for instance
in the automotive industry [12], but have been held back by numerous de�ciencies. For instance, they
often require some trigger such as temperature to activate the healing [13], and they are typically weak
and prone to damage [14], mitigating the advantages of damage recovery.

To understand these weaknesses, we must look to the past. We have historically been able to divide
polymer materials into two categories, depending on how their constituent polymers are bound together
[15]. On the one hand we havethermosets, which have been cured irreversibly into an polymer network
[16]. In this process permanent crosslinks are formed, which tend to make thermosetting materials tough
and resistant to solvents. Thermosets are also almost impossible to recycle [17, p. 965], however, since it
is di�cult to destroy the crosslinks without destroying the bonds within the polymers. They moreover
have no mechanism to recover their mechanical strength after sustaining damage. On the other hand
we havethermoplastics, which consist of polymers that are bound by relatively weak, thermoreversible
intermolecular forces [18], such as van der Waals forces. These materials become soft when heated, and
can therefore be molded and recycled more easily [19]. Regrettably, they also tend to be less resilient
[20, p. 45]. Consequently, neither traditional thermoset nor thermoplastics materials are well-suited to
self-healing.
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Fortunately, recent years have seen the development of Covalent Adaptive Networks (CANs), a new
family of polymer materials, which are bound together by strong forces and nevertheless are able to
alter their topology [21], and therefore `CAN' intrinsically self-heal [22]. In particular, Leibler et al.
investigated polymer networks with strong yet exchangeable covalent crosslinks in 2011. They called
these materials vitrimers 1 for their glasslike properties [17]. The rate at which bonds are exchanged
increases as the temperature goes up, and, as a consequence, vitrimers tend to be hard like thermosets
at low temperatures, but malleable like thermoplastics at high temperatures. Vitrimers moreover are
resistant to solvents [17, p. 966] and creep [10] like thermosets. In short, vitrimers promise to combine
the best properties of both thermosets and thermoplastics [23, p. 72].

The dynamic nature of vitrimers moreover makes them capable of self-healing: in 2019, Ciarella and
Ellenbroek found in a simulation study that a vitrimer network consisting of star polymers can self-heal
while displaying thermoset-like mechanical properties on timescales around a thousand times as large
as the typical healing time [1]. Star polymer vitrimers are very tunable: by varying the distribution of
reactive groups at the ends of the stars, we can exercise great in�uence on the stress relaxation [24], for
instance. Their usability is limited, however, by the similarity of the mechanisms that e�ect the self-
healing and those that bring about the stress relaxation: to heal, the network must be able to rearrange
itself around the damage; to relax, the stars must be able to move. One must therefore choose between
autonomous healing and long-term stability [1].

This dilemma naturally raises the following question:

How can we design a vitrimer network that is capable of healing autonomously without giving
up long-term rigidity?

We believe that the solution may be found by considering di�erent building blocks than stars. In
particular, we hypothesise that comb polymers with long backbones and many branches can give rise
to a vitrimer network that heals autonomously on similar timescales as the network investigated in [1],
while relaxing much more slowly. To support this hypothesis, we consider the following arguments. We
can create a network made of combs with a similar density of reactive groups, which should heal at
a comparable rate, since this density appears to determine how fast the network can recover around
damage [1]. Additionally, the backbones of the combs in this network will become entangled, so that
their motion is limited; the time it takes for them to become unentangled and relax will scale with the
length of the backbone [25, Eq. (9.8)], giving us a way to prolong the stability of the network.

In this project we will test the validity of our hypothesis by developing simple theoretical self-healing
models and simulating damaged vitrimer networks. We start o� in Chapter 2 by discussing the bond
exchange mechanism which de�nes vitrimers. We additionally go over the statistical theory of lifetime
distributions and the basics of linear viscoelasticity. Thereafter, in Chapter 3, we summarise how we
simulate vitrimer networks. We present our results in Chapter 4; this chapter is divided into three
sections. In Section 4.1, we create a model to predict the typical swap times in the network depending
on the shape of the building blocks. We subsequently perform simulations to �nd the entire swap time
distributions and verify our mathematical model. Next, in Section 4.2, we derive and solve rate equations
that describe the evolution of the number of bonds across damage in the network, making use of the
typical swap times found in Section 4.1. We can then predict the mechanical response of the material
as a function of healing time using the theory of linear viscoelasticity; we then validate this model with
simulations. This will allow us to compare the healing time of a vitrimer network made of combs with
the star polymer based one considered in [1], testing the �rst part of our hypothesis. Finally, we attempt
in simulations to measure the time it takes for a comb polymer vitrimer network to lose its rigidity, which
would allow us to test the second part of our hypothesis. We conclude in Chapter 5 by summarising our
�ndings and conclusions and highlighting some interesting avenues for future research.

1Derived from `vitrum', Latin for glass.
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Chapter 2

Theory

In this chapter, we will review some polymer theory, to serve as a basis for our mathematical model
in Chapter 4. We will start with an introduction to bond swaps, the de�ning feature of vitrimers. We
will also go over some tools from the theory of sequential and nonparameteric statistics with which we
may investigate and characterise the distribution of the swap times observed in simulations. Thereafter,
we will review the basics of linear viscoelasticity, since we will be using concepts from that theory to
quantify the mechanical stability of our materials. Finally, we will brie�y discuss the morphologies of
the building blocks of our vitrimer networks.

2.1 Bond swaps

Vitrimers are de�ned by the interesting behaviour of their crosslinks. For a concrete vitrimeric example,
Leibler et al. in their seminal paper [17] considered carboxy ( �C(�� O)OH) and hydroxy ( �OH) moieties,
which bond to form an ester group ( �C( �� O)O � ), with a water molecule as by-product. It turns out
that such an ester bond is exchangeable; the corresponding bond swap, � called transesteri�cation [17] �
is depicted in Figure 2.1.

Figure 2.1: Transesteri�cation, an example of a bond swap mechanism, depicted schematically. The
target ester bond and the swapping alkoxy moieties are circled in blue and red, respectively. Adapted from
[17].

Other chemistries give rise to vitrimers too; we will hence consider generic vitrimer networks with two
distinct types of reactive moieties, which we will call (type-)A1 and (type-)A 2. By construction, A 1 can
form a bond with A 2, but A 1 cannot form a bond with A1 and A2 cannot form a bond with A2.

In Figure 2.2, we have schematically depicted one of our generic bond swaps, with the red spheres
representing A1 moieties and the blue spheres representing A2 moieties.1 We start (a) with a bond
between moiety 1 and 2, of type-A2 and -A1, respectively. Subsequently (b), moiety 3, of type-A1, joins
in, forming an intermediate state. This is called the association of the moieties [17]. Finally (c), moiety
2 separates from the complex, leaving behind a new bond.

There is a notable asymmetry in the transesteri�cation reaction: the associating group must be an
hydroxy moiety [27, Eq. (2)]. While our vitrimer networks are more general, they will also be asymmetric
in this sense: the associating moiety must be of type-A1.

1We keep this convention throughout the �gures in this report.
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Figure 2.2: Illustration of a generic bond swap, where the blue sphere represents a A2 moiety and the
red spheres represent A1 moieties. Generated using OVITO [26].

The exchangeable bonds are very strong: the chance that a crosslink will break due to thermal �uctuations
is assumed to be negligible [28, p. 3]. In particular, this means that the number of crosslinks cannot
decrease. If a given vitrimer network containsNA 1 ; NA 2 2 N moieties of type-A1 and -A2, the maximum
number of bonds would beminf NA 1 ; NA 2 g. It follows that we must have more moieties of type-A1 than
type-A2 for the network to be dynamic. We therefore assume thatNA 1 > N A 2 .

2.1.1 Empirical Lifetime Distributions

Since vitrimers derive their unique properties from the bond swap mechanism, it makes sense to ask how
this mechanism behaves statistically. A particularly interesting quantity to investigate for this is the swap
time Tsw , which we will discuss in greater detail in Section 4.1. Since the swap times are determined
by the complex interactions between polymers involving innumerable particles on a microscopic scale, a
deterministic model for the swap times is not feasible, and consequently it makes sense to treat them as
being random. Then, swap times are typical examples of lifetime data, since they are nonnegative, real
random numbers [29, Def. 1.1], and for such data it is natural to look at the so-calledsurvival function
[29, Eq. (1.2)]

S(t) := P(T � t); (2.1.1)

which may be interpreted as the probability that some random timer T `survives' until at least time
t.

It is possible to estimate the survival function using observations. In practice, however, data is often
imperfect due to censoring, so that a naive estimator would be biased. Unfortunately, this will also be
the case for the swap times that we will measure in Section 4.1. We will consequently now introduce the
necessary machinery to deal with censoring. Censoring comes in many shapes and sizes:

ˆ Left censoring: when we know only an upper bound for the value of a random variable;

ˆ Right censoring: when we know only a lower bound for the value of a random variable;

ˆ Interval censoring: when we know a lower and upper bound for the value, but not the precise value,
of a random variable.

For us, only right and interval censoring are relevant. Interval censoring is rather di�cult to deal with
analytically 2; we can mitigate these issues by choosing our intervals su�ciently small, and simply ignoring
the interval censoring. In other words:

Assumption 2.1.1. Observations are either right censored or exact, but not left or interval
censored.

2Methods exist (e.g. [30]), but they scale poorly with the number of observations. We will be dealing with much more
data (roughly 105 points) than in typical medical research, making these methods impractical.
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Observations (censored or not) will be denotedTi , with corresponding censoring indicator3

� i := 1 � 1f Ti censoredg: (2.1.2)

With any censored observation we do not know what the `true' value is; some information has been lost.
However, we can e�ectively maximise the amount of gathered information by including the censoring
indicator � i in our estimator, since we know that the `true' value is at least equal to the observed
value if that observation was right censored. This is precisely the idea behind theKaplan-Meier (KM)
estimator.

De�nition 2.1.2 (Kaplan-Meier Estimator) . Let f Ti g
N obs
i =1 be independent and identically

distributed (i.i.d.) observed lifetime data, with corresponding censoring indicators f � i g
N obs
i =1 , where

the censoring times are independent of the true lifetimes. Then, de�nef T0
i gn

i =1 to be the unique
ordered observed times, i.e.f Ti g

N obs
i =1 = f T0

i gn
i =1 and T0

1 < : : : < T 0
n . Then, de�ne f di g

n
i =1 and

f r i g
n
i =1 by

di =
N obsX

k=1

� k 1f Tk = T0
i g; and r i =

N obsX

k=1

1f Tk � T0
i g;

respectively. The Kaplan-Meier (KM) estimate of the survival function of the distribution underlying
the lifetime data is given by [31, Eq. (2b)]

ŜKM (t) =
Y

i :T 0
i � t

�
1 �

di

r i

�
: (2.1.3)

E.L. Kaplan developed the KM estimator particularly for use in medical studies [31], but it may be
applied to any lifetime data. Note that di is equal to the total number of uncensored observations at
time T0

i , while r i is the number of timers that last until at least T0
i . Consequently, if there is a censored

observation at T0
n , ŜKM (t) > 0 for all t � 0. We can also construct approximate con�dence intervals for

the KM estimator, since we can estimate its variance:

De�nition 2.1.3 (Greenwood's Formula). Let ŜKM be a KM estimate, and f di g
n
i =1 and f r i g

n
i =1

as in De�nition 2.1.2. Then, we may estimate the variance ofŜKM using Greenwood's formula [31,
Eq. (6d)] [32, Eq. (4)]:

V̂(ŜKM (t)) := ŜKM (t)2
X

i :T 0
i � t

di

r i (r i � di )
: (2.1.4)

Using Greenwood's formula, we can estimate the standard deviation on the KM estimate at each time.
If this standard deviation is small compared to the value of the survival function, we can be con�dent
about our KM estimate4; if the standard deviation is large, we need to be careful inferring distributional
properties from the empirical survival curves.

In theory, all information about a lifetime distribution can be extracted from the corresponding survival
function. It is, however, quite di�cult to read local information about the distribution (e.g. where the
mode is) from a survival curve. Such local information could be helpful when trying to identify relevant
physical processes that contribute to the lifetime. For this reason, we will also look at the Probability
Density Function (PDF), de�ned as the continuous function f satisfying [33, Def. 4.1(1)]

P(T � t) = :
� t

0
f (u)du; t � 0: (2.1.5)

It can easily be seen that5

f (t) = �
d
dt

S(t):

3Note the confusing convention that the censoring indicator is unity when the observation is uncensored.
4assuming the bias is small too, which should be the case if the amount of censoring is limited.
5e.g. by the Fundamental Theorem of Calculus [34, Theorem 6.4.4].

7



Self-Healing of Comb Polymer Vitrimers SMB | CASA

The PDF f (t) gives a measure of the likelihood of a lifetime being aroundt, in the sense that

P(T 2 [t � � t; t + � t]) � f (t) � 2� t:

Consequently, a peak in the PDF will indicate that we will commonly observe a lifetime value around
that peak; if a PDF displays multiple peaks, this suggests that there are multiple distinct processes �
each with their own typical time scales � which together determine the lifetime.

Unfortunately, we cannot estimate the true PDF by taking the derivative of the empirical survival
function since it is discontinuous at every observation but constant in between observations. We can
deal with this issue by mollifying the empirical survival function. To that end, let K be a kernel, so that� 1

�1 K (t)dt = 1 , and observe that

f (t)
(I)
� (K � f )( t) :=

� 1

�1
K (t � x) f (x)dx

| {z }
� dS(x )

(II)
� �

� 1

�1
K (t � x)dŜKM (x)

= �
� 1

�1
K (t � x)

dŜKM

dx
(x)dx =

� 1

�1
K (t � x)

nX

i =1

� (x � T0
i )� ŜKM (x)dx

=
nX

i =1

� 1

�1
K (t � x)� (x � T0

i )� ŜKM (x)dx =
nX

i =1

K (t � T0
i )� ŜKM (T0

i ):

(2.1.6)

Using this idea, we de�ne the following density estimator, which has frequently been used to investigate
the distribution of censored lifetime data (e.g. [35, 36, 37]):

De�nition 2.1.4 (Kaplan-Meier Kernel Density Estimator) . Let f T0
i gn

i =1 be the unique ordered
observed times of some lifetime data andŜKM the corresponding KM estimate of the survival
function. Next, de�ne

� ŜKM (t) = lim
x " t

ŜKM (x) � lim
x #t

ŜKM (t);

which gives the size of the jump discontinuities of ŜKM . Finally, let K be a kernel, so that� 1
�1 K (t)dt. Then, we de�ne the Kernel Density Estimator (KDE) by

f̂ KM (t) :=
nX

i =1

K (t � T0
i )� ŜKM (T0

i ); (2.1.7)

for t 2 R.

Notably, if we are dealing with uncensored data so that we may replace thêSKM estimate of the survival
function by the standard naive estimate, Equation (2.1.7) reduces to the commonly used Rosenblatt-
Parzen KDE [38, 39]

f̂ (t) :=
N obsX

i =1

K (t � Ti ):

De�nition 2.1.4 allows for quite general kernelsK , but the choice of the kernel is in fact rather important.
It is evident from Equation (2.1.7) that the estimate f̂ KM inherits its smoothness fromK . Hence, if there
is good reason to believe that the true density is not analytic, it makes sense not to use an analytic kernel.
Additionally, convolving with the kernel will broaden the support, as

supp(K � f ) � suppK + supp f ;

so that K � f will typically not be the PDF of lifetime data. It might therefore be advantageous to use a
kernel with small, or even strictly positive [37], support. We will, however, use Gaussian kernels which
are analytic and have unbounded support6, because this will allow us to make use of the convolution
tools implemented in the popular packageSciPy [40].

Finally, we need to take care when choosing how wide the kernel is, as the two approximations in
Equation (2.1.6) will vary di�erently with the width of the kernel. In essence, we can decrease the

6 In practice we will convolve with discretised Gaussian kernels that have compact support and certainly are not analytic.
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approximation error (I) � manifesting itself as bias � by using a narrow kernel, since then K � f will
obviously be closer tof , while we can decrease the estimation error (II) � corresponding to the variance
� by using a broad kernel, since then the estimator will be less sensitive to small perturbations in the
observations. There will consequently be some optimum kernel width [41]. It is possible to select a good
kernel width in practice using Leave-One-Out Cross-Validation (LOOCV) to minimise an estimate of
the total error [41]; we will forego this and choose a kernel width by eye.

The number of surviving timers decreases over time, which can make the PDF somewhat di�cult to
interpret. Consider for instance a situation in which timers run out at a uniform rate 1 until some time
t � , i.e. in every interval in [0; t � ] of �xed width the number of events is roughly constant, after which
the timers run out at twice that rate. Evidently, there is some interesting additional process going on
beyond t � . However, if t � is large, there will be few timers left anyway, so that the density of events will
be small. It therefore makes sense to also look at the instantaneous rate at which timers run out, i.e.

� (t) := lim
h#0

1
h

P(T � t + h j T � t) = lim
h#0

P(t � T � t + h)
h P(T � t)

=
f (t)
S(t)

: (2.1.8)

� is called the hazard function [29, Def. 1.5]. Figure 2.3 shows the (a) survival functions, (b) PDFs, and
(c) hazard functions for our example for a small and a larget � . For the small t � , we can easily spot the
change in the PDF; for the large t � this is not so easy. Another nice property of the hazard function

Figure 2.3: Example showing how the hazard function can make it easier to identify when the processes
underlying the life of a timer change at long timescales.
is that it immediately reveals whether the lifetime is exponentially distributed, since the exponential
distribution has constant hazard: if T � Exp(� ), then

� (t) =
1
� exp

�
� t

�

�

exp
�
� t

�

� =
1
�

: (2.1.9)

The exponential distribution is the prototypical lifetime distribution, with numerous desirable attributes.
For instance, the exponential distribution is the only continuous lifetime distribution that is memoryless,
see Appendix A.3, and the counting process with exponential interarrival times is the well-known Poisson
process [42, Thm. 6.8(10)]. It is therefore quite valuable to be able to assess to what degree it is
reasonable to model the lifetimes with an exponential distribution. We can also easily tell from the
hazard function whether the lifetime data has a Weibull distribution, which is a common extension of
the exponential distribution. The Weibull( �; � ) distribution is characterised by the survival function [33,
Def. 4.4(9)]

S(t) := exp

 

�
�

t
�

� �
!

; so that f (t) = �
d
dt

S(t) =
�
�

�
t
�

� � � 1

exp

 

�
�

t
�

� �
!

:

Note that Weibull( �; 1) = Exp( � ), so that the Weibull distribution indeed generalises the exponential
distribution.

� (t) =

�
�

�
t
�

� � � 1
exp

�
�

�
t
�

� �
�

exp
�

�
�

t
�

� �
� =

�
�

�
t
�

� � � 1

: (2.1.10)
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As we would expect, we recover Equation (2.1.9)7 when � = 1 .

We could compute an estimate of the hazard function by dividing an estimate for the PDF by an estimate
for the survival function. Such an estimate will perform poorly, however, since the KM estimate is not
smooth. To get a better estimator, we �rst rewrite the hazard function in terms of the survival function
only:

Lemma 2.1.5 (Hazard as a Function of Survival). Let T be a lifetime random variable with survival
function S and hazard function � . Then for all t 2 suppS it holds that

� (t) = �
d
dt

log(S(t)) : (2.1.11)

Proof. Let f be the PDF of T, so that by Equation (2.1.8) on suppS it holds that

� (t) =
f (t)
S(t)

= �
S0(t)
S(t)

:

By applying the chain rule, we can �nd that

�
d
dt

log(S(t)) = �
1

S(t)
d
dt

S(t) = �
S0(t)
S(t)

;

proving the result.

Note that f (t) = � d
dt S(t): this suggests that we can reuse the idea for the KDE, simply replacingS(t)

by log(S(t)) .

De�nition 2.1.6 (Kaplan-Meier Kernel Hazard Estimator) . Let f T0
i gn

i =1 be the unique ordered
observed times of some lifetime data andŜKM the corresponding KM estimate of the survival
function. Next, de�ne

� log( ŜKM (t)) = lim
x " t

log(ŜKM (x)) � lim
x #t

log(ŜKM (t)) ;

which gives the size of the jump discontinuities oflog ŜKM . Finally, let K be a kernel, so that� 1
�1 K (t)dt. Then, we de�ne the Kernel Hazard Estimator (KHE) by

�̂ KM (t) :=
nX

i =1

K (t � T0
i )� log( ŜKM (T0

i )) ; (2.1.12)

for t 2 R.

Typically, a slightly di�erent KHE is used, which makes use of the so-called Nelson-Aalen (NA) estimator
of the cumulative hazard function (e.g. [35]), which can be derived from the KM with a �rst order Taylor
series approximation.8 For the sake of simplicity, we only make use of the KM estimator in this project;
fortunately, the two estimators are asymptotically equivalent [43].9 Notably, the previously discussed
issues of the KDE carry over to the KHE; we will again use Gaussian kernels with hand-picked width
for the KHE.

In short, local information about distributions can be very valuable, and we have ways to estimate it
from data. Unfortunately, local information is intrinsically much more di�cult to estimate than global
information. Consider, for instance, that the value of ŜKM at any point is depends on all data points,
while the value of f̂ KM or �̂ KM at a point is determined by only those data points that are su�ciently
close. The hazard function is particularly di�cult to estimate in the right tail, because the logarithm

7now with mean � .
8 � log(ŜKM (t )) = �

P
i :T 0

i � t log
�

1 � d i
r i

�
�

P
i :T 0

i � t
d i
r i

= : �̂ NA (t ) [43, Eq. (2)].
9The NA estimator is more commonly used as it is less sensitive to noise in the tail of the distribution [43]; since we

have a large amount of data, this is not problematic in our case.
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explodes as its argument tends to zero;̂� KM will therefore be sensitive to small variations on long
timescales. We therefore must take care when drawing conclusions from̂f KM and �̂ KM .

While having (an estimate of) the entire survival, density, and hazard function is nice, it would be
convenient to be able to boil it down to a single number such as the mean. It turns out to be possible
to compute the mean from the survival function: if we do this with our KM estimate, we can get an
estimate for the expected swap time that takes censoring into account.

Theorem 2.1.7 (Mean of Lifetime Data) . Let T � 0 continuous with densityf and survival function
S, with E[T] < 1 . Then,

E[T] =
� 1

0
S(t)dt: (2.1.13)

Proof. Note that dS
dt (t) = � f (t) for t � 0. We can then use integration by parts to see that

� 1

0
S(t)dt = [ tS(t)]1

0 �
� 1

0
tdS(t) = [ tS(t)]1

0 +
� 1

0
tf (t)dt

| {z }
= E[T ]

:

Clearly tS(t)jt =0 = 0 � 1 = 0. Now, consider that for all t � 0 it holds that

0 � tS(t) = t
� 1

t
f (u)du =

� 1

t
tf (u)du �

� 1

t
uf (u)du:

Note that
� 1

0 uf (u)du = E[T] < 1 ; since this is a converging improper Riemann integral, we know by
Lemma A.1.1 that the tail tends to zero. It follows, by applying the Squeeze Theorem [44, Thm. 2.2.6],
that

lim
t !1

tS(t) = 0 ;

as

0 � tS(t) �
� 1

t
uf (u)du; and lim

t !1
0 = 0 = lim

t !1

� 1

t
uf (u)du:

We may then conclude that
� 1

0
S(t)dt = [ tS(t)]1

0 + E[T] = 0 � 0 + E[T] = E[T];

as required.

Hence, it seemingly makes sense to estimate the mean of the lifetime distribution using the KM estimate
of the survival function.

De�nition 2.1.8 (Kaplan-Meier Estimator of Mean) . Let ŜKM be the KM estimate of the survival
function of some lifetime data. Then, we de�ne the KM estimate of the mean as

�̂ KM :=
� 1

0
ŜKM (t)dt: (2.1.14)

We must be careful, however: as noted before, the KM estimate fails to go to zero when the last
observation is censored, so that the area under the empirical survival curve will be in�nite. To remedy
this, we can truncate the survival function, so that we may compare the expected lifetime up to some
given time [45].

De�nition 2.1.9 (Truncated Kaplan-Meier Estimator and Restricted Mean Lifetime) . Let ŜKM be
the KM estimate of the survival function of some lifetime data. Furthermore, let t � > 0. Then, we
de�ne the ( t � -) truncated KM estimate of the survival function as

ŜKM ;truncated (t; t � ) =

(
ŜKM (t); t � t � ;
0; t > t � ;

(2.1.15)
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and we de�ne the (t � -) restricted mean lifetime as [45]

�̂ KM ;restricted (t � ) =
� 1

0
ŜKM ;truncated (t; t � )dt =

� t �

0
ŜKM (t)dt: (2.1.16)

Since ŜKM ;truncated (; ; t � ) is a bounded function with bounded support suppŜKM ;truncated (�; t � ) � [0; t � ],
it holds that �̂ KM ;restricted (t � ) � t � < 1 for any �nite t � . Moreover,

lim
t � !1

�̂ KM ;restricted (t � ) = �̂ KM :

It is important that the point of truncation t � is chosen a priori [46]; in our case it makes sense to sett �

to be the length of a simulation. Fortunately, since we gather our data from simulations,10 we can gather
data over such long timescales that truncatingŜKM is not problematic. For legibility, we will suppress
the fact that we truncate the KM estimator in our notation from now on.

We have implemented all of the statistical tools in this subsection inanalysers.py in Hoomd Polymer
Tools.

2.2 Linear Viscoelasticity

We can assess the quality of self-healing over time by investigating how the rigidity of the vitrimer
material improves as it is allowed to heal for longer. To quantify the rigidity, we look to the theory of
linear viscoelasticity. By measuring how the stress in the material relaxes after a step strain, it is i.a.
possible to assess to what degree the material is solid or liquid [47, Fig. 7.22]. To apply a shearstrain 

to a block of material with height h, we must deform it with a perpendicular displacement� x = 
h , so
that [47, Eq. (7.97)]


 :=
h

� x
: (2.2.1)

Upon applying this strain, the stress � in the material will jump up, after which it will start to decay
over time. By dividing the stress by the strain, we obtain the so-calledstress relaxation [47, Eq. (7.98)]
or shear modulus[48, Eq. (6.9)]:

G(t) :=
� (t)



: (2.2.2)

This is a sensible thing to do, since for su�ciently small strains the stress will depend linearly on the
strain, and so G will not depend on 
 [47, p. 282]. As the material relaxes,G will decay towards the
equilibrium shear modulus [47, Eq. (7.105)]:

G1 = lim
t !1

G(t): (2.2.3)

Using a so-called Maxwell model, which represents a viscoelastic material as a damper and spring � for
the viscous and elastic response, respectively � in series, we can moreover predict that this decay will
be exponential for viscoelastic liquids [47, Eq. (7.111)]. The equilibrium shear modulus is a measure
for the rigidity of the material, and we can use it to classify our material: if G1 = 0 , we say it is a
(viscoelastic) liquid, while we say it is a (viscoelastic) solid ifG1 > 0. Of course, there are many other
relevant mechanical properties beside rigidity, such as solvent resistance [49]; we have limited our scope
to just the equilibrium shear modulus since this will allow us to compare the self-healing of a comb
polymer vitrimer network with that of the star polymer network investigated by Ciarella and Ellenbroek
[1].

2.2.1 A�ne Network Model

The elastic properties of a polymer material will depend in part on what its network looks like on a
microscopic scale. Figure 2.4 schematically depicts such a network. The black dots represent nodes in
the network. Each node has a number of dangling arms with reactive groups at their ends, represented
by red and blue dots. Red and blue dots can bond together, forming so-called `crosslinks'.

10 in contrast with data gathered from clinical trials, for which the tools discussed in this subsection were developed.
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Figure 2.4: Schematic depiction of a polymer network. Black dots represent nodes in the network, blue
and red dots are reactive particles that can form crosslinks.

Many simple models have been developed to describe how polymer networks will behave when stressed.
We will apply the a�ne network model, which means that we assume that deformations of the
macroscopic material are achieved by equal and uniform relative deformations on the microscopic scale.
In other words, if we apply an a�ne transformation 11 to the bulk, the position of each node undergoes
the same a�ne transformation. In the a�ne network model it is possible to predict the shear modulus
[47, Sec. 7.2]: the shear modulus will then be given by [47, Eq. (7.31)]

G = �k B T / �; (2.2.4)

where� is the number density of the chains connecting nodes in the polymer network,kB is the Boltzmann
constant, and T is the temperature. Since we can choose the building blocks of the vitrimer network, we
can control � . We will be able to use Equation (2.2.4) to relate the number of bonds that have formed
across damage in our network to the shear modulus, and thereby to the healing quality.

Figure 2.5: Eight particle chain length density
for uniformly distributed links compared to
corresponding ideal chain length density.

There are some additional implicit assumptions in
the a�ne network model. For one, the forces in
the network are derived by di�erentiating the free
energy [47, Eq. (7.28)]. The entropy term herein
is valid for an ideal chain that is su�ciently long
that its end-to-end length may be well-modelled as
being normally distributed [50, Eq. (2.92)]. The
chains in the network we will be working with are
typically only about eight particles long, however,
so this assumption may not be reasonable. In
Appendix A.2 we therefore computed the exact
density of the chain length assuming that the length
of each bond is uniformly distributed Figure 2.5;
even for such small chains the normal density
does not look to bad. Finally, the network is
assumed to be entanglement free, whereas we will be
investigating comb polymer vitrimer networks with
long backbones precisely because these backbones
can become entangled.

11 i.e. x 7! Ax + b for some matrix A and vector b .
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2.2.2 Stress Relaxation in Vitrimers

Stress in a material is relaxed through myriad processes, each occurring at di�erent timescales. For
instance, in crosslinked networks stress can be relaxed by chain rearrangements [23, p. 115]. Vitrimers
have an additional way to relax stress: bond exchanges. Figure 2.6 [24, Fig. 2] shows a typical example of
how the shear modulus of a vitrimer network evolves over time after a step strain has been applied. Here,
� � E is the energy associated with a swap: when� � E > 0, exchanges are inhibited; in our simulations
it always holds that � � E = 0 . When swaps are possible, we see two relaxations [24, Fig. 2]:

Figure 2.6: Typical example of evolution of stress relaxation modulus after a step strain has been applied.
For � � E > 0, exchanges are inhibited. Adapted from [24, Fig. 2].

1. For t 2 (102 ps; 104 ps), we see the decay towards the elastic plateau, which we would also observe
in a permanently crosslinked network;

2. For t > 106 ps, we see the decay towards0 due to the bond exchanges.

Hence, vitrimer networks are typically solid on short timescales and liquid on very long timescales [51,
p. 17]. Notably, for small times the modulus does not depend on the exchange energy; for these timescales
we can reasonably assume the network is �xed when probing the shear modulus.

The dashed curve in Figure 2.6 corresponds to Defect-Allowing Mixture (DAM) samples, while the solid
curves correspond to Defect-Free Mixture (DFM) samples; their building blocks are shown in Figure 2.7.
The mixtures have been designed such that the total fraction of A1 moieties is the same in both types
of mixtures, namely roughly 63 %. It is evident from Figure 2.6 that DAM samples become liquid on
the order of ten times faster than DFM samples [24]. We are interested in designing a material that in

Figure 2.7: Comparison of the building blocks of DAM and DFM. Generated with OVITO [26].
addition to being capable of self-healing is also mechanically strong: the material should not become
liquid (on practical timescales). In 2019, Ciarella and Ellenbroek observed that the relaxation of their
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vitrimers based on star polymers takes roughly three orders of magnitudes longer than the self-healing [1];
ideally, we would make this gap larger. Despite this, in this report we have exclusively considered comb
polymer equivalents of DAM samples, in order to remain consistent with Ciarella and Ellenbroek.

2.3 Polymer Morphology

It is almost self-evident that the morphology of the building blocks of the vitrimer network will be of
importance to the mechanical properties of the network. In particular, we believe that comb polymers
can improve the separation between the healing time and timescales on which the network behaves like
a liquid compared to the previously studied [1] star polymers, since the backbones of the combs can
become entangled and may thereby delay stress relaxation.

We are able to encode the shapes of these combs and stars using just a few parameters. Figure 2.8 shows
a star polymer with eight arms, each consisting of four beads, and a comb polymer with sixteen arms,
each consisting of four beads, separated by three beads on the backbone. From now on, we will denote
the number of arms by Narms , the number of beads in each arm bynarm , and (for combs) the number of
beads separating each arm bynsep; collectively, we will call them `shape parameters'.

Figure 2.8: Star polymer with Narms = 8 and narm = 4 and comb polymer withNarms = 16, narm = 4 ,
and nsep = 3 . Generated with OVITO [26].

We will work with stars with Narms = 8 and narm = 4 , so that we may compare our results to those of
Ciarella and Ellenbroek [1], as well as combs with a various shape parameters.
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Chapter 3

Simulation Protocol

In this chapter, we will discuss how we can model vitrimer networks using simulations. There are, in
essence, two classes of approaches, with some overlap, to simulate molecular systems: Monte Carlo (MC)
and Molecular Dynamics (MD). MC methods sample (indirectly) from the distribution of the system.
Note that this implicitly assumes the system of interest to be in equilibrium, for else the distribution
function would be ill-de�ned 1. This allows one to calculate estimates for ensemble averaged properties
by employing the law of large numbers.

Conversely, MD methods integrate Newton's equations of motion. As a consequence, MD can be used
to investigate out-of-equilibrium systems2. In equilibrium, assuming the system is moreover ergodic,
time averages and ensemble averages coincide, so that we may estimate ensemble averaged properties by
measuring them over time and taking the sample average. At the intersection of these two techniques
are hybrid MD-MC methods, which use MD to model the motion of particles in the system and use
MC to model events such as bond swaps (e.g. [49, 54]). It would be bene�cial if we could use a fully
MD approach, however, for instance due to the various discontinuities introduced by the MC events [55].
Fortunately, such an approach turns out to be possible; the exact method will depend on the desired
`resolution' of the simulation.

We will now brie�y go over the basics of simulation `resolution'. On the one hand there areatomistic
approaches, in which all the atoms, or at least all su�ciently small groups, are modelled. Furthermore,
experimental data is often used to derive the interactions between these groups, and simulation outcomes
may be compared with physical experimental results [56]. On the other hand we havecoarse-grained
approaches, which, as the name would suggest, are much more coarse: we model larger groups, say on
the order of Kuhn segments [56], and the potentials are typically quite simple. These di�erences mean
that an atomistic approach will allow one to investigate properties of polymer networks quantitatively,
at the cost of being signi�cantly more computationally expensive, whereas a coarse-grained approach
will be cheaper but are unable to resolve the details of speci�c molecules. Fortunately, however, it is
often still possible to examine generic properties using coarse-grained simulations both qualitatively and
quantitatively [23, Sec. 3.1].

There have been atomistic MD investigations into vitrimers (e.g. [57, 58, 59]). We will, however, make
use of coarse-grained MD simulations, since we are interested in the behaviour of generic vitrimers and
would like to observe events that occur on vastly di�erent timescales, such as the relaxation to the elastic
plateau and to liquid of vitrimers (see Section 2.2).3

Sciortino developed a way to model vitrimers with exclusively MD [55]. This approach is very appealing,
and has been used frequently since its conception in 2017 (e.g. [28, 60, 11]). We will therefore make use
of it too.

1There are MC methods to model out-of-equilibrium processes, but typical MC methods � such as the Metropolis
algorithm [52] � do not model the actual dynamics of the system; there is therefore no a priori reason to believe that
the approach to stationarity of such a MC method will be similar to the approach of equilibrium of an out-of-equilibrium
system.

2with the appropriate choice of thermostat [53, p. 156].
3For reference, [58] simulated roughly three swap times, whereas we expect transition of the vitrimer network to liquid

to certainly take on the order of one hundred swap times, but hopefully longer, see Section 4.3.
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We will start in Section 3.1 by discussing the interaction potentials used in our MD simulations and how
we choose their parameters. In Subsection 3.1.1, we will discuss how MD integrates Newton's equations
to model molecular systems. We will then explain how we can generate a reasonably realistic initial
state for our simulations and how we evolve these systems in Section 3.2. Finally, in Section 3.3, we will
investigate some issues we encountered while performing our experiments with HOOMD-blue.

3.1 Potentials and Parameters

For our coarse-grained MD simulations, we use HOOMD-blue4, a free particle simulation tool with
a Python interface, developed by the Glotzer group at the University of Michigan [61]. Ciarella and
Ellenbroek have previously investigated the self-healing of star polymer based vitrimers [1]; since we
want to be able to compare some results, we will use the same potentials and parameters as in [1].

HOOMD-blue de�nes its own, self-consistent set of units, with base units[energy], [length], and [mass].
From these base unit we can derive the dimensions of all the relevant quantities, such as time, velocity,
and force, denoted[time], [velocity], and [force], respectively. Notably, we do not set the temperature
directly; instead, we �x kB T = 1 [energy]. Because we are interested in theautonomous self-healing of
vitrimer materials, which by de�nition should not require an external trigger to activate, we keep this
temperature constant.

As noted before, MD works by integrating Newton's equations. The interactions between particles,
such as covalent bonds or van der Waals forces, are modelled using potentials.

Figure 3.1: Plot of harmonic potential
Vharm (r ; k; r 0) (Equation (3.1.1)) against r with
k = 103 [energy]� [length]� 2 and r 0 = 1 [length] . The
dashed green line represents the thermal �uctuations
on the order of kB T = 1 [energy]; the red area
will typically be explored due to such thermal
�uctuations.

We can model covalent bonds between
particles with a harmonic potential:

Vharm (r ij ) =
1
2

k(r ij � r 0)2; (3.1.1)

where k > 0 is the spring constant andr 0 > 0
is the rest length. A natural choice for the rest
length is r 0 := 1 [length] .

It is sensible to model the covalent bonds with
a harmonic potential: the true potential will
be analytic, and in equilibrium we expect to be
in a local minimum of the potential; analytic
functions are well-approximated by parabolas
around their minima5. More complex models
for covalent bonds exist, such as Finitely
Extensible Nonlinear Elastic (FENE) bonds,
which limits the degree to which the bonds can
be stretched [23, Ch. 3].

Since covalent bonds tend to be strong, the
variance in the distance between bonded
particles due to thermal �uctuations should
be quite limited. De�ning the displacement
from the rest length as � r = r � r 0, we can
�nd that the typical displacement caused by
thermal �uctuations will satisfy

1
2

k� r 2 � kB T; so that � r �

r
kB T

k
:

Choosingk = 103 [energy]� [length]� 2, we �nd � r � 3 � 10� 2 [length].

4github: https://github.com/glotzerlab/hoomd-blue .
5Around the minimum, the approximation error will scale with the third power of the displacement.
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